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r( Preface ' ' r j 

Not all^'of mathematics can (or should) be taught in formal 

textbooks. Just as an English course is enlivened b^ selections^ • . 

from literature, a; mathematics courae can gain depth and interest 
' * " . ' ' ' ' ^ ' / 

from special ^readings, • . ' - 

The present volume might be read in conjunction with* the . 

' SMSG First Course in Algebra or' Intermediate Mathematics . It intro 

duces tKe 'subject of. number theory , a branch of mathematics highly 
, , esteemed ''for its naturalness, conceptual clarity, and elegance. We 

hope- tKat. these essays will prove enjoyable and stimulating, .o^ 
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•1. PRIME NUMBERS 

' ' Among the .nalfcural numbers are the prime numbers: a positive r 
Integer Is called a prime If It has* no divisors exce?)t 1 and Itself. 
Thus '6 Is not a prime, for It has the divisor 2, and 2 Is: diJE^^erent 
from bot»h i and 6. We. call 6 a cotrfposite n\imber^ 'But 7 Is a prime,. 
^ because l^s only divisors are 1 and 7* By, agreement we shall not |^ 

count, the isj^eger 1 among, either the primes or Ifhe composite integers. 

' • ' • - — * . r--^ 

Thus .every integer .greater than 1 is eitjier- prime- oi? cqihpos^lte. 

* ' If a riumbei^ is ♦composite, it h£s a^ prime divisor^ Cthat ls,.;a^ 
divisor \^ich' is jprime). Por^ you have seen^p this course or*ln>^n 
earlier course that every. integer greater than 1 can be written as 

^ a product of^prime factors. Obviously, each prime' In the product I9 - 

^ a/d.lvisor of the integei? in .question. \ ^ • . 

" V The smallest pfime iV.2^ fit-* it *allso the -tsnly p'rimQ which i5\an\t;^ \ \ ^ 
' even integei?." No 'largeit pyen 'number can be prime for It has, 2 as * 
a divisor. If we wrfte down the prflmes in 1;he pt»der^ of ' IhdMaalhg ' 'V 
slze,>we get ' . - • i . • ' 1 ' 

y ^ .2,^ 3, 5, 7, 11/ 13, 17> '19, 23, 29/ 31, . // ] ^ '-^ 



The dj>t 



>ts at the end mean J;hat there ^are" still lai:»ger primes. How'. 
ldipge 6o the primes get^^ You cstn probal?ly find a prime larger than 



1^100, but could you find one larger than 1,.000,:P00? ' ^ ^ 

•• • . - ; ^ , • . ' ' . ^ 



t 



(How wduld you go about fin&ingsa'prime larger than 100? If 
yoti test' a given •r\umber, 101 say, by ' dividing ±t in succession^ by 
various numbers, vfould you havjB to try all intege^r^ .less than 101 
as po3s|ble divisors?. Or ^X)uld Itibjp stlfficient to Jt^ry all pyimes 
less than 101?' If so, wouldn't it be' enough to. try all primes less 
than.VlOl? See if you- can prove that if an integer- n has. a proper 
divisor, it has' a proper divisor which , is not mor6' thanyrT ) 

' To. put 'the question in another wa.y, are there a finite number 
of primes or arre -there infinitely many? If you think this over a 
bit, -you will, probably find it impossible to think of any way to 
attack the problem. >Y6t the ansrwer was known to the Greeks! In 

, . ; * ' ^ \ 

fact', we find the proof ' tha/ there are infinitely many primes in 
Euclidts Elements. • ' . . / ^ . 

Th*is proof is a proof by contradiction: suppose there were 
only n primes, say Pi, 52, Pn> where n is a certain in- 

teger. Now let ' , . 

thjat'is, ^ A j,s the integer obtained by multiplying together a*ll 
the primes and adding X to":the . rersult . ' . * ^ ' ' 

^ ^ - N&^;VA ^ is either prime xjr composite. If A is prime, we ^ * 
liave a contradiction since A i^v not c5ne of "^he primes pn, Po, 
P;a (Why?j, andlttielae were supposed to be all. the primes. . - , 
\ ^ The other possibility is that A is -composite. In- that case 
A is divisible by a prime; call it p. Cfould p v l^e equal to p!,?- 
Certainly'' not, Iflor if we divide A by p-,^ .we'©6t a repialnder of 1, 



since certainly divides^'t^he .product .p^^Pg. p^. Since, p 
divides "A, p cannot be p^^. In .the same way, .p could not "be - 



o / ■ 



'P2> P3> primes iri the set'p^, pg, p^. A^in * , 

have a "contradiction, name ly^ we assumed that p-^, pg, p^ were 

all the primes; but^ here i^ a number p, undoubtedly a prime, 
which is not one of p^, Pg^ Pj^» 

So whether A is prime or composite (and these are the orUy 

possibilitie^s) we arrive at a contradiction to our original as^ximp- 

# * 

tion that there* are only a finite nvunber of primes. Therefore, 
this^ assumption must be false, and we have jproved the theorem.. 
THEOREM. There a^e infinitely niany p rimes . ' . - 

Althbugh this proof is an example of an "indirect proof", it 
can be turned arpund to make a direct proof. What we have actually 
shown is that if we have an^ set of primes {p^, .Pg^ there 

'i^ a prime p , which Is not' in the set and which is not more than 

' ' ' ^ /' 

A. Por|^.example, suppose we know that 2,3,^^ are, primes. Then 

* ( ' r / ' • 

our proof shows that there is a prime - which is not either 2,3 

/ , 

or 5 (and so is greater than 5) etnd p^^ ,2*3-5 + 31. So there 
Is a prime , larger than 5 ,but not lis^rger than 31. Actually, of 
course, there'are several prime^between 5 and 31. Our proof, then, 
does this: given any set of^rimes, it gives a limit below whicli 
there musjb be a new prime./ In this way we can produce in succession 
an indefinite number of /primes, ' • 

# There are a very /large pumber of fascinating questions'^avihg 
to do with primes. /Although most of these are quite easy' to state, 
the^ answe^*s-^ ma^y a^e not known. For example,- it was conjecl4ured 
that every even^ number greater thian 2 is the sAjm of twO primes 
(examples: 10 = 3 + 7,. ^6 23 + 23, 100 = 4? + 53). This is 
called the /Goldbach conjecture, after the name of the man who first 



proposed the problem in 17^2 • It has never been pro\fed ot disproved. 
However, there are some questions about primes that we ca'n 



answer. ♦Suppose we write down the sequence, of positive Integers 

" ■ ■ ' , • ' ' ^ •' 

for the form Uk - 1: • . - 



3, 7, ' li> 15, 19, 
Are there an Infinite, number of prime s\ln this sequerice ? 

(By an Integer of the form' 4k - 1, we mean an Integer which Is! . 
equal to 4k - 1 If .we choice the .right "integer k. !ThUs 3, = 4*1 --i, , 
27 =5 ^♦7 - 1^ and so on. Of* cour*se, th^ value of k Is different 
In each case. ) , • - * 

'*Befor^^we discuss Jbhls question, let us notice a few things 
about odd ni^nbers. Every odd' nximber Is either of the form,. 4k + 1 
or 4k 1. (Can you prove this?)- Furthermore, If you multiply two, 
nxunbers of th^form 4k + 1, the prodyct Is also of the form 4k + 1. 
(Check , this. ) Naturally, If you multiply any finite nvimber'of in- 
tegers of the form 4k ^+ 1,* the product is still, of this form, b^- 
,caus.e you could multiply the first two Integers, then multiply the 
result by the third Integer, than multiply ti;ils result by the 
fourth Integer, anci so oh. " > ^ ^ . 

'Now suppose' A is an integer of; JbJbe>-Xorm 4k 1,. then we can 
conclude that A , -Jias at least one prime divisor of the form 4k - 1. 
For example, 19 is already prime, ^ while 27 haa the prime divisor 3. 
•(Prov,e^» this In^ the, 'general case by assuming* that all prime divisors . 

are of , the form 4k + 1 and arriving ^at^ a contradiction/. .Notice, , '\ 

* ' / ' ' \ 

that A has on.ly odd divisors.) 

Now we can return ijo the original question: are' there Infl- . '\ 
nltely man;^ primes of the form 4k - 1? Suppose there are only a' * ' . 



finite niamber of such primes; call the'm'pj^, Pg, p^. Let ■ 

(*) ,A-^(P;lP2--- Pn)-l-\ 

Notice that A is -of the form 4k'- 1. 

We Collow the proof of the previous theorem, A is either 

prime or composite. If A is prime, we have a contradiction, for 

A' is then a prime of the form 4k - 1 but, ^A is not one of the 

primes p^^, Pg, P^^* The 'only other possibility is that A " is 

composite. Since * is of the form 4k: - 1,^ A must have a prime 

divisor p of 1:he form 4k: - 1, as we ^ have Just seen. But p is 

not one of the primes P2,'P2^ P^^r ^ov p divides A iJrhereas 

no p^ divides A. ' ' . , 

whether A is prime 'or composite, there is a prime of the 

form 4kr - 1 which' is not "one .of the.piAmes p^,' P2, ..w,^Pj^.. . This^ 

is the contradiction we were looking for, and we have proved the 

followirig result. .r^ ^ . 



THEOREM. The^re ar^ infinitely m^ny primes of the fornn 4k^- 1 . - 

See if yoti-^can construct a similar pi^opf that there are J^nfi- 
. nit ely many primes of the form 6ik„- 1^ * * 

^ Actually, it is ^rue that" there are infinitely many prime's of 
the form ak -f b, where a^ and b .are any integers which have no 

common divisor (except (For instance, there gire infinitely 

* *. • 

manjr primes of the Jform + 3.) The proof of -this-, howe^r, is 
very difficult.* The, first proof was given .by P. G. L. E^richlet . 
(l8o'5, -'I859), a ftunous German jp.themafxc±a^ • 

iot 



try to prove the, abdve results by 
he prime. Such^ a fonmala,^ if it 

exists, would be highly complicated, because the distribution of 



Notice that we did no 
looking for a formula for 



primes among the integers *ls so irregular. As an example of this 
irregularity j we p;»ove: . * ' . , 



THEOREM. There are arbitrarily long sequences of consecutive com^ 
po&ite integers . 

- For* example^ . there are 50 consecutrive integers ay.^of which 
are^ composite. We can actua'lly exhibit such a consequence.. - 

Firsts we introduce a new notation: IJ 1, 2! =. 1'2^' 
3j = l''2*3, etc. In general, nl ^ (read "n factorial'^ is the . 
pro'dyct of all the integers from 1- to n, inclusive. Now ^e" con- 
sider the sequence , , • . • 

' 511 + 2, 51J + 3, 51!'+ 51.V+ 51. ^ 

There are 50 consecutive integers in this sequence. . The first, 
5IJ + 2, is dj^^isible .by 2, since 51i is and 2 is, and 'the sum of 
two, integers divisible by 2 is again (divisible by 2. The second 
number, 5I! + 3^ [is' divisible by. 3, for the same . reason^ 1^^^ 
general, 5IJ + k is divisible by k as long as k is not more , 
than 51.* .So every integer in'tl:\e sequence is composite. You can 
» easily see how to modify this prbof if you want' a block of length 
n instead of^ length 50.' ' ^ ' / / 

V/e haVe^seen that consecuitl^ve primes c^n be.far apart; can ^ 
" %hey .i)e close together?.' 2 and ^, are 'c^onsecutlve primes that differ 
b'y 1, but obviously there are no o^ther. such pairs, for if p'^'is an 
\ odd prime, p + 1 is , even and greater;than 2 and so is oot a. prime. 



Tl^e next possibility is tlaa,t cpnseputive primes differ by 2, and 



lere are many examples of -such "prime twins": (3,5)^ i5jj)y 



'(17,19), {29,31); But are t^ere infinitely many suqh pairs? No 
- one knows, although 'many ^famous mathematicians .have exerted 



themselves tiding to find out^ What is your guess? 

Finally, we might consider "prime triples", like 3,5,7. Are 
tl^ere .any other prime tyipi^s? See if you can prove it one way pr 



the other,* 
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2. CONGRUENCES ' 



, In many sitxiatlons in 'mathematics, vihat is important is not 
the particular value- of an integer but the fact that it differs » 
from" another .number by a multiple of 2 6r a multiple of 5 or a 

' 1 

multiple of some other niamber. For exaimple, odd numbers are those 
^ which differ from 1 by a multiple of 2, sqilares of odd numbers ^ 
differ from 1 by a multiple of 8, etc. The same things happens in 
ordinary lire. What can be said about two timeS which read' J;he 




• 7 



same on the[ cloc}&?^ About two dates which have the same irionth and 
day. bat are in consecutive years? 

Two Hum^rs which differ by-a-'imiltiple of 2^ are said to be 
congruent , modulo 2. , V/e' make-- the formal definition: / 
DEI^INITI^hr" -g v/o int ^e g e r s— — a4»e said Jto be congruent modulo /m 
(where m ,is a pdsltlve^integer) if ^ and only if^a'^b is* divisible 
by m. : . ' ' '\ , ' 

We write* 

a = b (mod m) ' ^ ' * % 

to indi^te that a /and b^ are congruent modulo m. In particu-^ 

' . ^ / ' . ^ . 

lar, a = Q (mod.m) means that m' .divides a^ and conversely, m 
• ^ . ^ * ,1 

is called the modulia^ of the congruence. 
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« 

Congruence "fs.^ relation between the integers a, and b • 

(with respect to the modulus m) . . Many of the m^operties of- the 

more familiar j:*elation-of equality carry over to congmiences. 

Exercise 1. Prove that ^ . . ^ 

' * a =• a ^ (mod m) . . 

if a = b (mod m)^ then b = a (mod m) / ' ^ 

1^. 4. if a = b (mod m) apd b = c (ra6d ra), then a = c (mod m). 

\h ' Congin;iences gaa ^ added, subtracted, and multiplied like 
». ^ 
_^ordinary equations. -Thys, 

; • ^ *if a = b (mod m) and ,c = d (mod'm)., then 

a + Q ^1)"+ d (mod m) 

(l) - ^ a - c = b - d (mod ^m) 

^ V ac = bd (mod'm) ' ' . 

For (a+c) - (b+d) = (a-b) + (c^d) ahd eaclj^term in the rigbt member 

Is divisible by m,; henoe the right member is also. Similarly for 

:J . * Vhe second congruence. Pinai:^, ^ac - bd = (a-b)c + (c-d)b. ' Since 

ty ^. ; sfn j3ivij3ej ,a^^ same ,re^sorv,;^>. .toi<lea, 

5;*/ ^ (c-d)b.' This establishes, the third congruence above. 

^r./ , , ' Using yfl)' we *can answer questions such as:; is 2 + 1 a 

i;-: \ 'pi^'ime?^ (A prime is an integer > 1 which has no factors, except 1, 

and il^el'f.) This n'umber is' of .some historical interest, for 

.-"Pe^'t stated that sill 'numbers of the form 2^^ + 1 are primes, - >' 

/ whereas Euler showWH;ha*tr-2-^?''^^ 1 <i.e. n = 5^ is divisible by 6kl\ 

Wb can easily prov^ Euler's result *by nteans of congruences without ^ 

.'.^x^haing this\very largp number arid dividing it by - ^ 



.- • ' , -"^ • ' ■^^;>: \ ^ ... ■ .ir 



• -Namely, we have: , . Vr ' , ■ _^a,\ '-^ 

2^ ■=■ .4 (mod 6IH), 2^ ^= i6'{moa> ' ■ ^ 

■ 2^ s 25,6 (mod 641), 2^^= (256^).; = 6^536v= IS^V (mod 641), 
• = (151^)2 = 23716 =■ 640 (mod 64l)'. - . , '. 

." Each congruence is obtained from the preceding one by multiplying 
it. by itself. The lajrgest number we had to calculate was {256)^1 "• '. 
Prom' t^ie last congruence we get. 

. 2^2 + 1 s 641 = b (mod 6I11), ' - ' 

as promised. \ , ' ^ 

*• ' ^ 

*^ * ' ' Another thing we can do easily by means of conginaence is to 

^ prove the:familiar rule for "casting but nines". Let N be a 

« ^ " I' * 

positive integer and write it in the base 10: • - v 

(Thesdigits of N are- therefore a^, ^a^, sl^^I)^ ^ - 

Since 10 s l (mod 9), we have 10^ ^ 1^ = 1 (mog 9), and^ in 
general, 10^ = 1 (mod 9)? Hence, using the first equation of (l), 

^■-we-iet-^^-:-- -.V..---^-'-^*— - :^._i-f^..^-.-..>^^~-----.-.;.>^ 

. ■ (2) N ^ ao + ai + ■a2 + '. . . + a^ (mod' 9)*. 

•■ Now' N,i is divisib^by -9 if and only^ if N =• 0 (mod" 9), which,- • 

according to (2), occurs if and only if .the sum of the digits 

a^ + ai aj^ = 0 (mod 9) • " 

- , Exercise 2. Prove that an integer is divisible by 3 if and 'only if 

- tiie-sum of its digits is divisible by 3.- , 
■. . — , ' 

Exercise 3". Prove that an integer is divisible by 11 if and . on] 

if the sum. of the digi'fes in the "odd places" is congruent modjjao 

1-1 to "the sum of the "digit d in th'e "even places" ./sy "odd places'' 

' J we mean the units place, the huntJreds pl&ce, e*^. 

v-;. •. • • • . •. ■ 

- ■ .V • ' ' • 



Eiercise.4.' Prove that a number.is divisible by 4 if and only if 
the part of the niunber occupying t^he units, and .tens places is 
divisible by 4.. . - .° ' ' ' • 

'In arithmetic we Ijave the cancellation JLaw:j if^ab = ac and 
a 5^ 0 then b = c. V/hat 1^ the aijalogue for congi^uences ? ^ \ * 
•SuppQse we have ab s ac (mod,m), which is the same thing ^as 
• 1 ' a(b-c) = 0 (mod. m).' 

It does not fpllow that m|a or ml.(b-c)v For some of the prdme 
TactOrs of m rfeight divide a and the remaining prime factprs ' 
divide' b - c, . However/ if m is prime, to a^(i.e,, m and a, 
have no coijimon divisors othea^ than i);, then m|(b-c). This is a 
^consequence of the theorem: if m|xy and m is prime to - then 
• mly , For a proof see the Supjplement The Fundamental Theorem of 
Arithmetic, So we have the result: . ^ 



Theorem 1> If ab = ac (mod m) and . ' m is prime to a,, then 
T> = c (mod m) . In, other words^ we can cancel a common factor' from* 
a cpngruent^e .provided th^ common factor is prime, to^'the modulus, . 

The equation ax = b, where a,b,x are integers, caijnot be solved 
for X unless a happens to divide b.. By contrast', the congruence , 
ax = In l{mo6 mj can always W solved* for x provided only that 
. (a,m) = 1.^^ We shall n^w'show how this comes about, 

,The. numbers 0, J , 35>~ -1^ are mutually congruent modulo 7 7 
(that* is,- any pair of the numbers fis". congruent) . Likewise: 
2, r5f 16, -i^7 are congruent modulo 'J. Consider the set of all 
integers xongruent a fixed integer, modulo 7; this set is called a. 
-regidue class modulo^ 7. For example, 'the* numbers congruent to 0 « r 
modula 7 form ohe residue cjass R^j the rilimbei^s congruent to^l 



modulo 7 form another, residue class R^^. Rq and/^^, ^sive no* common- 
elements, -for if an integer .a s 0 and a ^^1, then 0 h 1 (mod 7), 
by Exercise 1. Consider the residue class^ R^, R^, R2, Rg. 
(R^ is the set of numbers s i (mod 7).>f Every integer n is in ' 
one of these classes. For we can write n = 7q + i where 
0^ i ,^' 6. Then n € R^* (This exjp^ains the word "residue", which ' 
nleans remainder^ ) In this T^ay, the set of integers is partitioned 
into 7 sets,* the residue .cla^^/s modulo 7, no two of which contain 
c6mhion elements ^ 

/Of course, ' there was m^Jhing sSpecial* about* the choice of the 
modulus 7 in t\\e above dlsMsslon. We have, J^n fact, the general 
result: Let * jn be an .integer ^ J., and Rj, ( i = 0 , 1, . . • , m£l) 
the set of integers whicl^ are congruent to _i module m. Every in-. " 
teger n is an element of Rj, for some JL. Moreover^,^ E and R^ 
have no common elements / if ± 9^ Finally ^ n€ R j if and only if 
n '= qm 4- 1 for some 'q. 
, _ , The .set . (Oi P,' ' 2; 
system. 

DEFINITION. A cpmplel 



s 



V. 



. . . , m-l), is c?illfed^ a ^complete residue 



nly one element^ from each-x^^idue class Rj^ 
). Thus (m, m + 2, 2 - m, 3, k, m - 2, 



e res idue system modulo m (m > l) is a "set 
which contains orte an(i\o3: 

-l) is another complete residue system. No complete residue system 

cah have fewer than 1 elements, for it must contain aivelement ^ 

congruent to 0, 1, 2, I..., m-1. I^or can it/have more than m ' . 

' M C ' . I 

elements* For if we distribute tl?e. r > m elements among the m 

^ ■ \ ■ 

residue classes, pne class is bound to'have at least ^ two elements^ 



We 



see, therefore, , that* a complete res*idue system n^odulo m Is a 
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set of - m mutually Incongruent Integers ^ and conversely ♦ 

Certain complete residue systems ar6 of particular interest* 

t * / • / i ' 

Theorem 2. If a is prime | to ^ m,« then S = (a^ |2a, md) 
Is a complete residue system modulo m* 

' ^ ^3?oQf > S certainly, contains m number's* Suppose two of . 
them were congruent, ra = sa (mod^)* Since (a,m) = J., we have, 
by TJheorem 1, r = s (mod m) . But 1 ^^ r ^ m,. 1 ^ s- ^ m, so that 
0^ |r, - s| < m. Hence, m|(r - s) only if r - s 0* This shows 
that no ^two , elements of S are congruent^'modulo m. Therefore, S 
.is a complete residue system. • * 

Theorem 2 is i^hat we .need to discuss the equationr"'^-* - 
(3*) ax = b (mod m), a prime to-" m. ^ ^ • . 
We look for a solution x. > ^ ' 

Since ^ prime to. m, the set (a, 2a, ma') is a com- 

plete residue system and so one of 4-ts members ax, say, ip con- 
l^'ruent to b. This proves th^t ^3) alwaj^s has a solution in Ante- / 




, Thedrem 3. The congruence / - ' " ^ 



^ * . , SIX =. b (mod* m) , a ^ prime to ]^ ij^ which a,by m 
" are^ given ,, always has an integral solution x*' • 

Of course there "are many solutions of. (3), for x + m, ^ / 2m, 
X - m are solutions if x is a solution. , But there is only/ one 
solution in any given complete re si-due system . 
'-Exercise 5. ' Prove: if;;(a,m) = 1, there is only one^ satisfying 
ax s b '(mod m) and 0,^j^ x < lii. ' ^ ^ 

' In particular, 'the equation ax s ' 1 (mod m') ' (a,m) = I, has a 
unique solution in the range 1-^ x < m.^^^^ (V/hy can^t x = 0?) The , 



rftumtierl x. is callejj me reciprocal of a. (mod m) ^nd often written 
a^/thijs,. \aa = 1-Omod m) • To solve (3)y v/e ne§d only to kn6w a, 
for X « evidently satisfies (3). 

KJi^pcal of an integer mqd m can be found by trial. A 
sometimes quicker is provided, for m a prime, by the 
foiloj^in^ theqccem, which . is important in ib« own right. 
^I?MAT'S *LriTLE' theorem; --If „1) .is prime, then 
aP = a (mod p), ' ' * 
prove this,;* notice first that-if p|a, the^ result is trivial, 
jince a^* - a = .a(aP'""'- - 1) is evidently divisible by p. ^ut if\ 
p'f a, we can cancel the factor a and get 

(4), aP-l'^- 1 {mod„p), (a,p) =1 

as the congruence we ha ve^o prove. ^ jVg alnj^ use Theorem 2. Since 
S = (a, 2a,'..., pa)j^^ complete residue system as well as 




T — ( 1, 2, 3> • • • y 



each element of S must be^^congmaent to 



Some element qf T \nd conversely. Now pa = p (mod p). Hence, 

^ 'V . ^ ^' 

-the_ proAuistj .of all tlie\elem,^Eits .oX. S\ other Ishah ,^pa Is. corigruent. 
to the product of all ^^hb elements of T other than p: 

. . (5) ^ a*^a...(p-l)a l-2...(p^l) (mod p). - ^ 

But the left member hks P - 1 factors and equals a^"""*** 1*2. . . (p-l) , 
Cancelling the -faTctdr 1*2... (p-l), which is prima to p, from both 
members of (5), we get (4). This qompletes the proof -of Fermat's . 
theorem. ^ . . ^ . 

We can use this theorem to calculate the reciprocal of a num- 
ber to a prj^me modulus. Clearly a = a^"^ if (a,p) 1, for 
■ • aa s aaP"*^ = aP"- = 1 (mod p) • ^ - 

Example 1. Solve 4x^ 7 (mod 13). '^irst /caTculate 4. Since |13 
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ls a prime And ''(4, 13) = l, we have ? .= Now 4^ = ,16 = 3, 

4^. s 9 s -4,' = 16 = 3, 43 = 3.4-= i.1. ■ 
Hence, = 4^-43 = 3--1 = 10 (mod 13). Filially,. ' - ' - 

Xvi,p-^-7 = .10-7 = 5^(mod 13).- Check: 4.54 20 = 7 (ilo'd 13). 

The preceding discussion can be applied .to the solution! in in- 

- t ' ' ' ' * . • ^ . 
tegers of equations like • 

'4x4- 13y = 35.. ^- ' ■ ■ 

Since this is a single equatiorf in two variables, w% see that there 

are infinitely many solutions if there is one solution-. Por^if 

y©, is one. solution, thgn certainly Xq + 13t, yo - 4t is also a 

solution if t is any integer. (Check this, by substitution.) 

■ / ■ ' ' 

Equation? .of this type are called Diophantine equations after the 

. ' < - > \ * t ' ' 

Greek mathematician Diaphantus who studied them. Such an equation 

arises, e.g., from the problem^^ "in how many ways can you wake 

change for a dollar using only nickels and dimesl^ The 'equation is 

5x + lOy- = 100, with the restr^iction x > Oy y > 0. ' > * 

^.i A -vje rcan- «61ve ^ ( 6 ) as jroilowsv f^ - ^ ina^y " are 'fntJi^^rs ^"^^ 
* ^ ^ 

which satisfy (6), then '< " ' ' ' ' 

I 4x - 35 = 13y ' and" ^ 

^ g 4x. = 35jmod >l;3X. , " ^' ' 

Since modf 13 is 10, as we saw in Ejcaraple 1, .we have • ^ 

X =^ 35-10 = 4.-3 = -i (mod 13), ' Hence "x^J-s of 'the fornfV* '> 

13 t r 1 where t is an integer; write * * 

X = 13t - 1. - " " ■ ' 

Substituting this in (6) 'gives . . " , 

.. .35 - 4x ^ 35 - 4 (I3t,^- l) ^ . -..^ " ' ■ ^ • . 
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v: \. ' . Thus, (x = -l»'+ a3t, y = 3 r>t) is a set .solutior^s of (6) f or, • - 
each integer t. For instance/ (-1, 3), ( 12, '-iX*- -p.6dj"-/49) ar^ 
solutions obtained. by taking t = ,X$ 13 respectivelji,^ Notice 
» that tnere are no po^sitive solutions (i.e*« solutions in which x ' 
'.and y are both positive). ' >. ' 'I - °» • 

Exercise 6. In how many ways can a total weight of 25 pounds be" . 

" built up out of 2y-pound and 3 •pound wei^its? * ^ r ~ ^ 

* ■ . • » - , . • • " ' ' <^ 

In the general case . , 

: ; • ^ • ^ ^ ^ ^ 

• (3a) ^ ' . ax 4- by. = c, ' ^ : / ^ ^; 

we assume a, prime to b. Then we* solve the conginaence^x &c ^ \ 
(mod b)* which is possible by Theorem 3, Let x= x* (mod b),'tl^en 
X = Xq + b t/ Substituting in (3a)/" we find y = (-c - axo)^ - at. - 
Note that (c - ayi^)/\) is an integer since axQ= c (mod b)/ 'For 
reasons of space, we, do not complete the di^scussion by considering 
the generalization of Permat^s theo^m to the case in which the, 
modulus is riot a prime, nor do we treat congruences ax^ b (n^od m) 

where . a is no% prime to , m, or the corresponding Diophantine ^ 

equation ax + by = c where a and b ' ai'e hot^-r^a;tl4;^ly~ primer 



For "these matters and 'many other fasciKSTtlftgtop'ics*, the reader 'is- 
referred to books on Number Theory such asf «N \ ' ^ - 

Uspensky- and ^easlet. Elementary Nu mber The ory (McGraw-Hill).-^ 
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3. THE FUNDAMENTAL THEOREM OP ARITHMETIC 

One of the first steps in your atudy 6f algebra was to extend 

the system 6f integers ^o the larger system of rational numbers. • 

The purpose of ^is step was to make division possible in all cases: 

the equation a =t^x^ where a and b are rational numbed . and ' f 

b ^ 0, always has a solution"^ x which is j?ational. By the same 

tdken, if we stay within ^;he se€ of integers, division ig not always 

^ possible: given integers a and b ^ 0, sometimes there is an^ih--^ 

' * c , . ! 

teger • c such^^that a = be, . sometimes not. . Jn t^e -first case we 

say. that b ' divides "a, or Id is' a divisolr ,of a, or ^'^is'^divi- 



r ?. 



p^;.; -s'lble by. b. We write b | asfor'"b divide^';a" (notice that, the bai?^ «; 
x<.->-.. . .j ^- ia vertical, not slanting). 

The study of the properties ©f integers, i's called Arithmetic. 



g J^,...^^jS^this Supplement we shall study the ^important property of divis^i- 



tfc /bliJAy. Throughout, the letters of the alphabet shall stand for 
^^f:^;^ '^integers-. 



Certain simple i^acts are observed at once and easily proved. 

• ' »*■ * 

a I (brc). 



then .a 



W these, as exercises, 

r tlxerclse^ 1 . ^ Prove; if a [ b/ a 
life'' ^ ; g^^^ ^1 wh>re • .f is any integer. ^ 

f^r^-y,' Exercise- 2. Prove: ^ if a l,t§-„tKena 1 (-b) and (,-a) I t?. 



• 2'3 




.•4 



An important tool in the study of divisibility is the so-called 



it " 



divlalon algorithm ^ 



/ 



/ 



1. 



/ 

i' 



SI. : 



DIVISION AIXJORITHM. If a, b are| posjLtive J-Otegers then' 

■ j ' '.' • /' / 

(la) ' .. . • a = qb + fv, / / 

. where • • ; 

i < ~ 

'' (lb) . . ^ 0 < r < ^. 

The integers q and r, are uniquely determined i, 

The division algorithm merely states the familiar fact; that 
,wh^n two Integers are divided in the usijal way we -get a/<Kiotient 
and remainder and that the remainder is less' than the /divisor. We 
have stated tiie algorithm only for a, b positive but/ it actually 

holds for. all a:, 'b provided }) ^ 0, 

\ . ■ 

\ " > To give a formal proof of - the Division 'Algorit/hm aS stated 

t • ^ » , * ' / 

above, consider- the multiples Ob, b,^'2b, . of bJ Since ^Ob = 0 < a 
>ut kb > a ^^^^OD-'SOfflr' positive Integer k, there xmkt be a largest . 
Integer q such thal^ qb < a* Set a — 3?^ f q Is ^ the > "-quotient," 

V the."rAalnder.") Plrst;^ r\^ 0. - Next,, If r^ b we would have 
.a - (q+l^b.,= a « qb - b = r - b 0, I.e., Cqt^)b ^ a^ .so qb was* 
not the larfi^&t multiple' of b which Is £ "b^J Therefore, r < b, 
and we have proved equation (l)^ 
' . Notice that If b > a, we have q = 0, r a. < b : a = 0*b + a* 
We stJLll have to show thatc^ q^ and r /are unique • 



Suppose;>;e^ could have 

' ta) * a ^ qib + ri = (12^ 4- v^^p ^ v\ < b,/^ '(V^ rg- < 
li-, ? qg we get q^^ ^ qg f.l^and 



R'^^J" qi^.-»^^^:i^(q2+^)^+ > q2b + r2 + j^i >,q2b + rg = a. 
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• SO that a a, a contradiation. So ^*q2* By interchanging " 

m ' 

and qg, we .^conclude q2 <^ qi* Therefore, q2^ Subtracting 

q^b = qgb from (2) gives r^ « r^, Hyce,,q and r are uniqueu 

• Interest next centers bn the conimon divisors of two integers • 
, Since. -'(3 is a divisor whenever ,d is, and only Ijhen, we may as well 
^ consider only positive divisors. For example., * 8 and 12 have\ the 
common" divisors 1, 2, 4; 4 and 9, however, have.no common divisor 

* other than 1% We say that H and 9 are relatively prime or that 

4 is prime to We cSlIT 4 the greatest common divigor (gcd) of ^ 
*and 12 (writ'ten (Q, 12) = 4) because every common divisor of 8. and* 
' 12 divides 4. Clearly, (4, 9) = 

DEPINITIC»I. Let . a and b be integers not both 0. By^^^he gcd of 
a and b*, written* (a,b), we mean the posi^tive integer d having 
the following, properties: 

. '(.i);"^\d.l a, d.|. b, ■ » ■ 

^ (2) if d^l ^i, ■ d^l b, then d^ | d. " ^' - • 

We can see j^lt^out .much difficulty that there cannot^ be more 
' than one gcd. ( Hence j^^^the use of -"the" Hn "the TJQsitive integer d" 
* " in the above definition.) Suppose there were two^gcd's d^ and 

-Since d^ is^a gcd, dgl d^; • since" dg is"* a -gcd, d^ldg^^^-iot d^ and (Jg 
are jiositive; therefore d^ = d2. , ' 
♦ Exercise 3. ^ Why did we assume in the definition^ of gcd that a and 

b. were not both 0? ' 
. Factorizing integers in-order to f ind .tKeir gcd is troublesome* 
when the numbers are large. And we can never be sure that evg^ ^ * 
pair of integers has a gcd, no, matter how many .special cases ^e 
work out. We shall now give & practical method of finding the 'fed 
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wKich Involves /Qnly the division algorithm. ' This method, which is 

t • 

called the Buclldean Algorithm, ^also proves the existence of the acd. . 

■ " 1 . ■ • " ' • - .- ^ ■ X \ 

Let and Td be i?he two integers whose gcd is desired. We ' * 

shall assume a, b are both positive; th^ remaining cases are easily 

handled dncig this: case is settled. Before treating the general 

case, let consider the particular 'ihtegers'72 and 33. 

Write,' bx the division algorithm, ' ^ 

(3.1> . 72. = 2-33 + 6 ' " i ' " 

(3.2) . • 33 = 5-6 +@ ■ ' \ 



(3.3) 



6 = 2.3^ 



Prom this chain of equations we. deduce that (72, 33) ='3. For 

■ V. - -. ' ■ 

from (3.3), we , have that 3|6. Thpn from (3.2): 3l3 and 3|5»6 imply 

3|33 ,(see Exercise l). Prom (3.1): i Z\e and 3|2'33 imply 3|72. . So 

3 is a commqn divisor of 72 and 33V. 'Suppose d is another common 

V^ivisor, Then from (3.1): ,d|72 and d|2«33; hence, d|6, since 

6 = 7^^- 2-3^. From (3.2).: *d|33 arid df5-^ imply d|t33 - 5-6), i.e. 

dj3. This shows that any common div*Lsor d vf 72 and 33 divides 3. 

Ti/erefore j3 is the gcd: • (72, 33.)'= -3. , 

We can obtain an additional result by writing the equations 

(3) in^ reverse order: 

6 ,= 2'3 ' • ■ • • 

■ 33 = .5-6 + 3 ► 3. = 33' - 3-^ ' 



72 =■ 2.33 + 6- 

.•.\- . . ■ . 



■6 = 72 - 2-33 
3 =. 33 - '5 (72 - 2-33) 



or 



3 r= - 5-72 ,+ 11«33. 

The gcd 3 is a linear function of 72 and 33 with coefficients 
^ , , 

wfiich are integers . 



•; ^j^g general case we wouikd have the-eha-in of equations: 
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a = qlD + .r. 



0 j^'r < b"- 
0 ^ 11 < 'r 



^1 = ^3^2 + ^3' 



■0^ ^2 < ^1 
^ ^ ^3 < ^2* 



This process jnust .come to kn end. P6r the sequence b, r, r^^-rgj 



Is a decreasing,- seqxience- of non-negative inte^eirs and so must even- 
tually reach Ov ^ \ ' / ' 
i^. * The last tvjo steps are: 



fa." 



(l^.^(nM)) Vfn-2»=.Vn-l "^n'' ° ^ ""^ < ^n-1 
(l^.(IM■2)) • 



^n- 



' We ■.claim, that "".rn is the gcd of , a ^nd b.. The proof is 
exactly^ the sanie as in the special case. Certainly rn|^n-l 
M^;: f4.(nf2)) W^so r„|r_ o.-by " ' 

pfe"'?- Working- Aipwards we conclude that 'r |a, rjj|b. If d ' is a coniraon 



^- -dAvisor of ' -a * and b,-' then d 1 r by; ^^Ki) . V/orking dowhwai^as, ^VJe 



i^Sx;-i^mve. git the fact that dp|r„ by ^flfj^^i-l)) . • 

Mt:tfe;5* %,' ' Moreover^^'we can express r^^J in terms bf a and b. From 



^gv£#.CrH-ip' «e have .r^^ = r^.g - qn^-i^' '"^^^ - " ^2 : 
^^$'v.A)4,'expressed in terms qf earlier . r«s by^>ineans of equations in thi 
^^^^■::sMi'Mi' - l^^er a finite number .'pf steps we ha,ve r expressed as 
iMfi^:..i;i".i;inea-r' f unclj'ion of - a a9d_ b with integc^r coefficients . , 
W^^S- ?-.--i'r:NQfe that in the abov^e pJ^gf we used the properties proved 
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:fai Exerai§e 1 in an essential way (if an integer divides two other 
integers, it divides their^ sum, difference, and any multiple of • 
either integer). . ^ 

Summarizing our results, we have: * * ^ 
THEOREM l'. .Every pair of integers a, b other .than the pair 
0, O, possesses a lanique S^ci^^^g^ d = (a,b) is the gcd .ojf a 
^^^v ' and b,^ there exist ' integers x and y such^ that 

^ ax 4- by = d . 

In particular, if 'a and b -are relatively prime, there exist 
integers x and y , such that . ' ' 

ax + ^by = 1, ^ ^ \i ^ . / 

Exercise k. . Prove the assertions of Theorem 1 in the cases, in 
which a and b are not both positive. . ^ ' 

Consider the cases: a > 0, b < 0; a < 0, b > 0; a < 0, b < 0. 



iTheorem 1 enables us to prove the result which will lead. 

7 

.directly to^ the Fundamental Theorem of Arithmetic, - 

THEOEEM 2.. If ^|bc and (a,b) ='l, then a|c. 

This theorem does not seem so remarkable if we imagine 'a, b, c 
factorized into pi^imes, ^but remepiber that we have not. yet discussed 
factorization into primes, . 

The proof of the theorem is very simple. Since (a;b) = 1, we 
have, by Theorem 1, / r: ' - ^ , - 

ax + by = 1 

for certain integers x, y. Multiply by c: " 

♦ ^ * . acx + bey = c . ^ 

Now *a certainly divides acx, and ajbcy since. a|bc by hypothesis. 



r'^^herefpre^ by Exercise 1, a|c^ ^ 
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As a corollary we get 

' ^HEOREM 3. If the prime p|bc and p'fb, then p|c. (pf b-mjeans. 

"^'p does not divide b".) For if pfb, p must be prime to b, since,. 

•\ 

as a prime, p^ has no divisors other -than 1 and itself. V/e can 
tijen apply Theorem 2. 

Exercisers. Let p be 'a prime. Then (p,, ay= 1 if and only if 
P'fa. - ' . , 

^ A slight extension of Theorem 3 is the' following, whicji vm 
leaxfe as an exercise. 

Exercise 6 . Let' p and p^^, Pg, p^ be' primes. \ If 

'P* (PlPo* • -Pr^O^ then p is eqxial^to one of the 
primes PjL* . * * 
We are now in a posi1:ion to prove the 

'FUNDAMENTAL THEOREM OP A-RITHMETIC: Every integer > 1 can be 
viritjben as a product of j)rimes. If the primes are written in tiye 
order* of* increasing magnitude, the factorization is \inicJUe. 

We regard a prime^as IJbs own J'prod\^ct TOf primes". Thus 2 
is a factorization into primes. • . ' 

- The 'proof is 4n two parl^sj first, -^e have to ^how that n > 1 
is a product of prime factors. If n i s a^j )^j^me7 we ave thx»ouj|j^. 
If not, n = a^^ag, where 1>< a^^ < n,' J^.a2 < n* If a^, ,a2 a:re 
both primes, we have our factorlzationj otiherwise, we repeat the 
same process on a^^ and a2,_obtair>in^ a = a^aj^aeag, with 
1 < a^ < a-^, 1 < a|j.^< a^, 1 < a^ < ag, 1 < ag < ag. In the 
succ^essive steps of %he p370cess, the factors get smaller and* smaller, 
"but .since they are positiv^ inBegerV they must eventixally reach 2 ' 
if they are not ^ primes at ^ome^v^tegtmediate^ stage. ^ Thus n has a 



;fact9rlza1iiqrv into primes. , • 

^ Suppose^tiigxe. we2?e two factorizations of nr , 

){5) PiP2*** ^r ^1^2"** ^s • ' 

^here the^ p»s and'q's are primes and P^ ^ P2 ^ •••^ ^ -Si*! ^ 

'^1"^ ^2-^ •'^•/-^ '^s* '^.Since p^. divides p^^Pg Pp>' it diyig^s " 

* ^ • ' <^ — 

• ci^<l^,."^^'q •/ By Exercise 6, p^ = q. for sopie^i. "By the same.C^^ 

reasoning, q^ > pj for some J. The 'fact that the p's' and ^^s 

are aiTTan^ed-^in increasing order *means that 1 - i - 1, p^* ^ p^, 

- - q^^ (Poi? ^ Pj = q^i! q^ = Pj^j- since the first and last 

members of. this chain of inequalities are the* same*,^ we have equality 

• • • - ^ . 

throughout..). ^ , - ^ i^r^-r 

% 

... . ^ 1 ' . • 

V Now divide both" members of (5) by p, = q-,, getting- ,1-^ 
■ • J. J- . ^ ^ < 

and proceed as. .before. /We^get Pg = ^2 ' ^3 ^ ^3'^ * 
If s > r, . we woujl^d hitve ^ ' 

. ' / - / ^iH-l ^r=2 ^s ' - 
whicli is i^possibl^. Hence s ^ r; by symmetry, r ^ s, and we 

cdhclude/ 1? := sV^'T hfe^s the end of the proof. 

' Here is an application of the Fundamental Theorem. 

Exercise?. If t^he •jftTOduct of two relatively prime integers is^ a * 

perfject sqiiare, each of the' integers^ is a perfect 

• _ square. 

You may ^1 that the Fundamental Theorem is. completely 6bvlo\xs 

and.ne.^^ no proof. However, there are many niombfer sj^stems besides 

the rationala* In these systems we can deflne_integers, dlvisibili- 

Vty> .and primes: we^can do arithm^etic. But in most of these 'number 

m 

0^B\i,em,. whj.le we^c&n factor an integer into primes, the factoriza-. 



tion Is not unique! Certain integers in these fields have two or 



, more'fac^iorizations into' entirely different primes, (See the^' 

/ ' - ; 

Supplement: A New Field . ) This shows that we cannot regard the 
uniqueness of factorization into primes in the ratio^'l field as 



somethii^g: -Which is obvious. It needs" to be proy^*. '.i 



J- 
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ANSWERS TO QUESTIONS 

^ V PRIME NUMBERS* 

If n has a proper divisor d (i.e., 1 < d < n), we can write 
-*dd' = n. Now either d or d» is ^\|n^ ' because if boJ;h 
d,d» >yn, dd» > n. ' 1 . 

2. A ?^ Pj^ (i = 1, 2, n). because the equation -t 

A = p,P P +1 shows that A > p^p^ ...•?„> P4, since 

12 n ^ ■'■ ^ u J- 



. each prime > !♦ 
3/ Since an integer when divided, by k must have one :of the re- 
; .mainders 0, 1, 2, 3, we can write any integer in one of the 
forms 4k, 4k +' 1, 4k +2, 4k + 3. Now 4jc = 2 • 2k and 
4k +: 2 = 2(2k + 1), so these integers are even. On the other 
hand, 4k + 1 and 4k + 3 have remainders of 1 when divided by 
2;. they are odd.., But 4k + 3 = 4(k + l) - 1. 
4, Let the two numbers be 4k^ + 1 and. 4k2 +1. 
(4k^ + l)(4k2 + IT = 16 k^kg + i^ki +.4k2 + 1 = 



4(4k-,^k2 + k-,^ + k^) + 1., 



fc^^i^j is th^ product of its prime divisors. {Some||irlmes may 



pccjSr more thark once in the product, 
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5.) 



Since A is odd, all prime divisors of A are odd. If all 
prime divisors were of the form 4k + 1, the product would 
also be of this fQm, contradicting the fact that A is of the 
fOCTl ifk - 1. . 

Suppose that there are only a finite number of primes of ,the 
'form Gk - 1, ^ namely, p^^, Pgj Consider 
A = ^(Pj^Pg.f .P^)- ' If A is priine,.'we have a cont-radic- 

tion,. fdr A is^not or Pg or . • • . or p^J 

Suppose A ^ is composite. A is of the form 6k - 1. 
Since A is odd, A has only odd divisors, and therefore 
only odd prime divisors. • Now, every odd prime is of the form 
6k - 1, or else ' 6k + 1. ' (Proof: 6k, ^6k +2, and ^ 6k + 4 
are all even, and 6k + 3 is not prime.) 

Since {Sk^^ + 1) (6k2 +a) = 6(6k^k2 + k^^ + k^) + 1, the 
product of integers of the form 6k' + 1 is again an integer 
of this form. Therefore, A -has a "prime factor of the form . 
6k - 1. "But Ws" cannot be p^, p^, p^i again we have 

a contraditjton./. 

Consider the sequence ^ , * ^ - 

' '(n +^1)1 + 2, (n + 1)! + 3, (n + 1)! + n + 1 

and folldw the reasoning in the text. 

There is only one " pi*lnie triple" . For suppose n - 2) n, h + '2 
are all prime, n must be of; the form 3k 4 1, 3k - 1, or. 3k. 
In the first case, n + 2 is of the form 3ic + 3, i.e., n + 2 is 
divisible by 3. But then n + 2 = 3 since it is prdine. Then 
n = 1, which isf not prime. Next, suppose n is of the form^ 
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•3k 4 1, then h - 2-is of the ^orin 3k - 3, i.e., n - 2 is divi- 
sible by 3, Hence n - 2 = 3, so n = 5, n + 2 = 7. This' gives 

I .■ 

the prime triple 3, 5, 7. Finally, if n = 3k, then n' = 3, and 
n - 2 5s not a prime* Hence, the only prime triple is (3,5,7) 





V 4 
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U CONGRUENCES 



Exercise 1. a - a = 0 and 0,^ is divisible by m. If 

a s b (mod m),' -^ * b is divisible; hence, so is 



,|b>- \/ b ^ a. Therefore b s a"-- (mod m). If a s b. 



* I b s c (mod m),' then a, - b and b c are divisible l>y ^ 

ilHi ' ni. Therefore^ so is their siim (a - b) + (b ^ c);« a' c* 



l^t^^ r ' It follows that a s c (niod m), ^ ^ ' . 

Exercise 2. Let the integer be N lOa^ +'... ^ ^0 *^lc* Since 

10 s 1 (mod 3), 10^ s 1 (.mod 3), -and 
- ; ' . '-N s lo + ar + ... + av (mod 3). Hence, N P O'lf'-" 



and only if + .a^ + . +-'a-j;^ s p (mod-3>^; * \ ^ 

Exercise 3. Let the lnt,eger be N = a^ + lOa^ +. +^^^"^^23 
• ^iriteger has an odd niimber of places). Since 

lO.s -;.,(mod 1-1 r, lol^s 1 if ,k is even, 10^ s -1 ... 
feflili: ^ .J^V if k is odd. Hence, ^ N ao - + ag'V +..^+ |Lq^ 

lllk • and N s 0 .if ahd only if . ' " "' ,' 



, (mod 11). The proof when N has an even number of ' >"i 

. ■ ■ . • ' . ; , • 

■• 'I-'- " ' places is .iJracfically the same. . , ' ./ ■ ' •- .%| 

• ^ 10a,. + ... + lOKaj^.'. Since 10 s '21' ' ' '* • '"^ 





, f 10^ s 2^ (mod It). Thus iol^s 0 (_^od"¥) 'if^c ' 
. ' Hence, N s +* 10a i. (mod ll) and 1^_=^ 0 (mc|^^) if . , 
. and only if + lOa^ 0 (mod 4). * / ' 

Exercise 5. Suppose Xp Xg both sali^isfy p.yi^ = — . b (mod lii) 

and 0 Xj^ < m, p ^ Xg < m. Subtract ing ;iyheH^o *c6n- 
gruences, we get a(xT ^ X5>)"= "0 (mod m).^ Since 
(a.m) =. 1 we can cancel the factor a "'SCRd'then have . 
- x^ - Xg ^ 0 (mod m). But 0 ^ x^^ - Xg <^m,_, sp^«^* 

Xi - xp = 0. The two x^s ara the samer^;r j"' 
Exercise 6. fWe have to solve the eqimtion 2x + 3y = 25 In integers 
• y such, that x>^^_^y y ^ 0, We haye^Sxf's '25 (modi 3), 
'x =' -1 (mod 3) (since 2x = -x (m6d-3))T^ -Hence, 
X = -1 + 3t, t an integer. Then T 



—if* " J. < 



^ 25 - 2x 
.3 



Since X ^ 0, 't ^ 1, Since y ^ 0, t ^ Jl, - Hence 

ft, 

there are foi;ir solutions (2,7), (5,5), (8,3), 
(11^1)." ^ ' . - \ ^\ 
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THE .FUNDAMENTAL THEOREM OF ARITHMETIC 



Exercise 1. 



Since alb, a|c, we have b = ad^ c = adg, where 



iyf'i>- Ml. 

iFRir:%; 



d^, ^2 are •integers. Therefore 
*> ' b 4- c = adTj^ ^ adg = a(dj^ + dg), so a|(b + c). 

^ Likewise, a|(b - c). Also bf = ad^f = a(dj^f); 
^ hence ajbf. 

Exercise For a ce^ain integer g, we have b ag. Hence, 
••b = -ag = a(-g), ^ and b = ag = C-a)(-g).., Thus 
^ a|(-b) and (-a)|b. ? ' ' 

Exercise 3. ' Every integer 0 divides 0,7nence, all Integers are 
] coimnon divisors of the pair 0, 0. There 'is no ^ 
' * ' grpatesLt common divisor of this pair of integers. 

Exercise 4. Case I. a > 0, b < 0% Since b :=:|"b|, we have d|b 

if and only if d|(|b|.). Hence if d = ^d.,\ki\), we ' 
have" d = (a, b^). Since there a|*e integers x, y such y- 
that d =,ax + jb|'y, we have d = ax by = ax'+ b(-y). 
. Case IS . a^ < 0, b > 0. .ThjLs is the same as Case I 
^- with a and b interchanged. i.:^ 

" Case III , a < 0, b <- 0. We have ' 
" • (a, b) = (.|a|, -|bi) = (|a|, Ibl)." If d = |a|x =. Ibfy, 
■ ' jg^ '; then'.d ,= -ax -by a(-x) + b(-y). j 




». --"1. ^i.!>iti^~ 

factor p. , .. 



Theij a '''r 



l^pl^^^Exex^ciise 5. If p|a, then.' p aftd a have the common fj 

j^^i?u,{,{7<«' '■■ ■ - Hence,',.. if (p-, a) « |, pi. Suppose p1 d., ' 
^^^fev: '•. nofe Waive' 'p- 

.fel^i • of't'p are 1 and/-p," it follows" that (pj a) « 1. 

felMr^'-r;^- - ....... . • .:7 ■ . - ' . 

^^^f^;.;^xerd 6. iWri^e-p^Pg. . . p^^ TPrPgPr' applying ' . 

The-Orem 3 we gcitrthat p|p^ or pIp^p^..^?^. If 

pjPl# P = „P'i and the result is proved. If not, write^ 



P2pf. ••Pn P2*PifeP4***Pn proceed in the same way* 
If ^»p does not /divide any, of p^,, Pg, . . 'iiti&ci^^ /^|? 

plPji^lPji J therefore, p|p^ so that p, =?'>Pj{l\ 
Note: If the studen* is familiar with Mathematical Induction, he 



i^\X- *t.can const37uct an Qlegant proof by assuming the. result to be true 



when the product has k factors, 
ft ^ Exercise- 7.^ We are given ab = c^- with (a, b) « 1. Write the* . 

factorisation of c, c = p^ .Pg ^ ... Pj^ ^ 
*here e^^, ... pre positive integers (e^' is 
simply the' numbel^ of times the prime Pj^ occurs in- 
the factorization). Also, write down the factorlza- 



« 



■r ' f • ■ f 

tXdrls 'o;P' a and hf a = ^q.. .1 ... q_ 



b = :r,^^ ... r. 



St 



We then, have 



mi'M-^iS0S^!(^t^ i-^r ■■ ■■ ^ . 



^ ^f V :::rf;_^*g^. ■ g^. „ Se, , „ 2ei, \' 
Since the two members of this equation* are/ both facto- 



M^S^I?^^ : 3 ""• "■' .-A '"^isrsiatloftS '61' 'tfi^latee Jfitimbcr - i-db'^ '(^or ' c^),'; the same 
*.j»*w-.v-'> - primes ittusf occur In-both-V. \- P\. ?f-s.;.^ome . _q.. c 

q^i . ;|iio^0|i83t^^ 2e^;../'!^^ ^/^^ 
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px»oduct of primes raised to even powers. Therefor^, 
a is a square. By the same reasoning^, b Is a^ 
square. 



/ 



■ 4, 





■ ) 
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